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The multinomial logistic regression model

Introduction

The generalized linear modelling technique of multinomial logistic regression can be used to model 
unordered categorical response variables.  This model can be understood as a simple extension of logistic 
regression that allows each category of an unordered response variable to be compared to an arbitrary 
reference category providing a number of logit regression models. A binary logistic regression model 
compares one dichotomy (for example, passed-failed, died-survived, etc.) whereas the multinomial logistic 
regression model compares a number of dichotomies. This procedure outputs a number of logistic regression 
models that make specific comparisons of the response categories. When there are j categories of the 
response variable, the model consists of j-1 logit equations which are fit simultaneously. Multinomial logistic 
regression is a technique that basically fits multiple logistic regressions on a multi-category unordered 
response variable that has been dummy coded.

Key Features

Multinomial logistic regression allows each category of an unordered response variable to be compared to a 
reference category, providing a number of logistic regression models. For example, to model which of three 
supermarkets (there are three categories in the unordered response variable) is likely to be chosen by a 
customer, two logit models are computed; one comparing supermarket A with the reference category 
(supermarket C) and one comparing supermarket B with the reference category (supermarket C). The model 
of choice behaviour between three supermarkets can therefore be represented using two (i.e., j -1) logit 
models.

log
Pr Y=supermarketA 
Pr Y=supermarketC 

= α+β1 X 1+β2 X 2. .. +βk X k

log
Pr Y=supermarketB 

Pr Y=supermarketC 
= α+β1 X 1+β2 X 2. .. +βk X k

Equation 1

The models above provide two estimates for the effect that each explanatory variable has on the response. 
This is useful information as the effect of the explanatory variables (Xk) can be assessed for each logit model 
(i.e., the effect of X1 on the choice between supermarkets A and C and the effect of X1 on the choice between 
supermarkets B and C) and also for the model as a whole (i.e., the effect of X1 across all supermarkets in the 
sample). It is also useful to interpret a single parameter for each explanatory variable in order to derive a 
single parsimonious model of the response variable.  The multinomial logistic regression model allows the 
effects of the explanatory variables to be assessed across all the logit models and provides estimates of the 
overall significance (i.e., for all comparisons rather than each individual comparison). The general 
multinomial logistic regression model is shown in Equation 2 below:

log
Pr Y=j 
Pr Y=j' 

= α+β1 X 1+β2 X 2.. .+βk X k Equation 2

where j is the identified supermarket
and j' is the reference supermarket.
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Example 
To demonstrate this technique we will use an example of supermarket choice behaviour (see Moutinho and 
Hutcheson, 2007, for a more complete description of these data) analysed using the R statistics package (R 
development core team, 2008). The data used here are a subset of those used in the original study with 
variables chosen in order to provide a description of the technique rather than a complete analysis of 
supermarket choice behaviour. The aim of this analysis is to model which supermarket someone is likely to 
choose given their salary and whether they use a car or not.  It should be noted that this analysis is just for 
demonstration and cannot claim to represent a considered and thorough analysis of supermarket choice 
behaviour.  In the example data, the variable 'supermarket', codes four different supermarkets (Asda, Kwik 
Save, Sainsburys and Tesco) and is modelled using the explanatory variables 'salary' (a numeric variable) 
and 'car use' (a categorical variable).  This model is represented in Equation 3.

log
Pr  supermarket 
Pr  supermarket' 

= α  β1 salary  β 2caruse Equation 3

where supermarket' is the reference supermarket.

Computing and interpreting model parameters
Table 1 shows the parameters for the multiple multinomial logistic regression model shown in Equation 3. 
There are three sets of parameters representing the three binary comparisons that are made between the four 
supermarkets.  

Table 1: parameter estimates for a multinomial logit model

supermarket* Parameter estimate standard error odds ratio

Asda (intercept) 0.288 0.941

Salary 0.001 0.001 1.001

Car use (T.yes) -1.249 0.981 0.287

Solo (intercept) 3.526 0.829

Salary -0.007 0.003 0.993

Car use (T.yes) -3.789 0.867 0.023

Kwik Save (intercept) 3.098 0.778

Salary -0.006 0.002 0.994

Car use (T.yes) -1.468 0.793 0.230

* reference supermarket = Sainsburys

The parameters for the model shown in Table 1 are interpreted as follows. For a unit increase in salary whilst 
controlling for car use, the log odds of a consumer selecting Solo as opposed to Sainsburys decreases by 
0.007.  This equates to an odds ratio of 0.993 (e-0.007).  For a unit increase in salary, a consumer is less likely 
to choose Solo. Whilst this might appear to be a very small change in probability, a unit increase in salary is 
a small measure and consumers' salaries may differ by large amounts (for example, what are the odds of 
someone selecting Solo whose salary is 3,000 units larger?).  Car use has been dummy coded using treatment 
coding, which means that the identified category (car user; hence the (T.yes) designation in the table) is 
compared to the reference. The log odds of a car user selecting Solo compared to Sainsburys is -3.789, which 
equates to an odds ratio of 0.023 (e-3.789).  Car users are therefore much more likely to select Sainsburys than 
Solo even after controlling for salary.



To appear in:  Moutinho and Hutcheson:  Dictionary of Quantitative Methods in Management.  Sage Publications

Predictions from the model
Using statistical software, predictions can be easily made about the probability of a consumer selecting any 
of the supermarkets for a given salary and car use. Table 2 shows the predicted probabilities of a consumer 
choosing each supermarket for a selection of salaries and car use values (note that the high probabilities 
associated with Kwik Save reflects the relatively large number of people in the sample who shop at that 
supermarket).

Table 2: predicted probabilities

Probability of selecting supermarket...

salary car use Asda Kwik Save Sainsburys Solo

80 Yes 0.081 0.630 0.200 0.089

80 No 0.040 0.382 0.028 0.550

125 Yes 0.101 0.578 0.242 0.079

125 No 0.054 0.381 0.037 0.529

375 Yes 0.242 0.252 0.478 0.028

375 No 0.231 0.299 0.131 0.339

A lot of information can be gained from the predicted probabilities presented in Table 2.  For example, Kwik 
Saves attracts those with lower salaries in contrast to Asda, and Solo seems to attract those without cars. The 
effect of car use is particularly noticeable when comparing Solo and Sainsburys.  From these predictions we 
would expect car use to be significant (particularly for the comparison between Solo and Sainsburys) and 
salary to also be important in distinguishing between stores as it appears clear that even once car use is taken 
into account, there is still a large effect of salary (for example, those consumers on higher salaries are more 
likely to choose Asda and Sainsburys, whereas those on lower incomes are more likely to select Kwik Save).

Model-fit statistics
For a multinomial logistic regression model, the effect of individual or groups of explanatory variables on 
the response can be assessed by comparing the deviance statistics (-2LL) for two nested models (see 
Equation 2).  The resulting statistic is tested for significance using the chi-square distribution with the 
number of degrees-of-freedom equal to the difference in the number of terms between the two models (see 
Equation 3).

-2LLdiff = (-2LLp) - (-2LLp+q) Equation 3

where p is the smaller, nested model,
and p+q is the larger model.

Information about the significance of each individual explanatory variable is typically displayed in statistical 
packages in an analysis of deviance table similar to the one shown in Table 3. This table shows the change in 
deviances (-2LL) that occurs when each of the explanatory variables are removed from the full model.  For 
example, removing `salary' from the model changes the model deviance by 26.878, a change that is highly 
significant.  Similarly, 'car use' is highly significant as it's removal from the model also results in a 
significant change in the model deviance.  You will note that both of these deviance changes are assessed 
using 3 degrees of freedom, as this is the effect of the variable across all four supermarkets (i.e., there are 
three comparison logit models).
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Table 3:  analysis of deviance table

-2LL 
(deviance)

df P-value

coefficients

  salary 26.878 3 6.2 e-06

  Car use 36.366 3 6.3 e-08

In addition to those statistics in Table 3, the significance of the explanatory variables for individual 
supermarket comparisons can be estimated using z and Wald statistics. The z-statistic is simply the estimate 
divided by the standard error and is tested for significance using a two-tailed test (i.e., Pr(> |z|).  The Wald 
statistic can also be used to test for significance, which is z2, and is distributed as a chi-square with one 
degree of freedom.  Table 4 shows the z and Wald statistics and the associated level of significance for each 
parameter in the model for each supermarket comparison.

Table 4: comparing individual supermarkets

Supermarket* parameter estimate standard 
error

z Wald P-value

Asda (intercept) 0.288 0.941

salary 0.001 0.001 0.521 0.271 0.603

Car use (T.yes) -1.249 0.981 -1.274 1.623 0.203

Solo (intercept) 3.526 0.829

salary -0.007 0.003 -2.389 5.707 0.017

Car use (T.yes) -3.789 0.867 -4.373 19.123 1.2e-05

Kwik Save (intercept) 3.098 0.778

salary -0.006 0.002 -3.923 15.390 8.7e-05

Car use (T.yes) -1.468 0.793 -1.852 3.430 0.064

*reference supermarket = Sainsburys

Although salary and car use are both highly significant overall (see Table 3) the effect of these variables is 
very different depending on which supermarkets are being compared.  Asda and Sainsburys appear to be 
quite similar as both explanatory variables are insignificant, whereas Sainsburys and Solo are differentiated 
on the basis of car use, and Sainsburys and Kwik Save are differentiated on the basis of salary. 

Conclusion
The multinomial logistic regression model provides a powerful technique for analysing unordered 
categorical data. The technique allows numeric and categorical explanatory variables to be entered into the 
models with parameters and model-fit statistics interpreted in much the same way as for a standard logistic 
regression model.  Similar to other generalized linear models, there are a number of diagnostic tools 
available with the added advantage that the models may be applied using a number of common statistical 
packages.  Further information about multinomial logistic regression models can be found in Agresti, 1990, 
Hutcheson and Moutinho, 2008, and Zelterman, 2006.
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